We study the existence of positive solutions and multiplicity of nontrivial solutions for a class of quasilinear elliptic equations by using variational methods. Our obtained results extend some existing ones.
Introduction and Main Results
Let us consider the following problem:
where Δ = div(|∇ | 
which is equivalent to the usual norm of Sobolev space 
which is the best Hardy-Sobolev constant.
In the case where = 0 and = 1 hold, then (1) reduces to the quasilinear elliptic problem:
Gonçalves and Alves [1] have studied (4) in R involving ( , ) = ℎ( ) , ≥ 0 and ̸ ≡ 0 to obtain existence of positive solutions where 2 ≤ < , 0 < < − 1, or − 1 < < * − 1 and a suitable ℎ. We should mention that problem (4) with = 2 has been widely studied since Brézis and Nirenberg; see [2] [3] [4] and the references therein.
Ghoussoub and Yuan [5] have studied (1) with ( , ) = | | −2 , where < < * . They obtained a positive solution in the case where > 0, > 0, and
hold. They also obtained a sign-changing solution in the case where > 0, > 0, and
For other relevant papers, see [6] [7] [8] [9] [10] [11] [12] and the references therein.
We should mention that the energy functional associated with (1) is defined on 1, 0 (Ω), which is not a Hilbert space for ̸ = 2. Due to the lack of compactness of the embedding in [2] and Rabinowitz [13] .
In this paper, we study (1) with a general nonlinearity by using a variational method; besides, we also considerably generalize the results obtained in [5] . In what follows, we always assume that the nonlinearity satisfies ( , 0) ≡ 0. Let ( , ) := ∫ 0 ( , ) , ∈ Ω. To state our main results, we still need the following assumptions.
( 2 ) There exists a constant with > such that
( 4 ) There exists a constant with > such that
Now, our main results read as follows.
Theorem 1.
Suppose that ≥ 3, 0 < < ∞, 0 ≤ < , and
, and
hold, then (1) has at least one positive solution.
Theorem 2.
, and (7) hold, then (1) has at least two distinct nontrivial solutions.
Noting that > and 2 ≤ imply that (7) holds, therefore, we have the following corollaries.
Corollary 3. Suppose that 0 < < ∞, 0 ≤ < , 2 ≤ , and 1 < < . Moreover, ( 1 ) and ( 2 ) hold; then (1) has at least one positive solution.
Corollary 4. Suppose that 0 < < ∞, 0 ≤ < , 2 ≤ , and 1 < < . Moreover, ( 3 ) and ( 4 ) hold; then (1) has at least two distinct nontrivial solutions.
Remark 5. Theorem 1 generalizes Theorem 1.3 in [5] , where the author only studied the special situation that ( , ) = | | −2 , < < * . There are functions satisfying the assumptions of our Theorem 1 and not satisfying those in [5] . Let
where ( ) > 0, ∈ ∞ (Ω), > 0, and < < < * . Obviously, satisfies all the conditions of Theorem 1 in this paper, while it does not satisfy the conditions of Theorem 1.3 in [5] .
The rest of this paper is organized as follows. In Section 2, we give some preliminary lemmas, which are useful in the proofs of our main results. In Section 3, we give the detailed proofs of our main results.
Preliminaries
In what follows, we let ‖ ⋅ ‖ denote the norm in (Ω). It is obvious that the values of ( , ) for < 0 are irrelevant in Theorem 1, so we may define ( , ) ≡ 0 for ∈ Ω, ≤ 0.
We firstly consider the existence of nontrivial solutions to the problem:
The energy functional corresponding to (10) is given by
By Hardy-Sobolev inequalities (see [5, 14] ) and ( 1 ), we know
. Now it is well known that there exists a one-to-one correspondence between the weak solutions of (10) and the critical points of on 1, 0 (Ω). More precisely we say that ∈ 1, 0 (Ω) is a weak solution of (10), if, for any
Lemma 6 (see [15] ). If → a.e. in Ω and ‖ ‖ ≤ < ∞ for all n and some 0 < < ∞, then 
Clearly, ℎ ( ) < 0, ∈ (0, 1), so ℎ( ) ≤ ℎ(0) = 0.
Lemma 8 (see [5] ). If 0 ≤ < hold, then we have
is independent of Ω, and will henceforth be denoted by ;
(ii) (Ω) is attained when Ω = R by the functions
for some > 0. Moreover, the functions ( ) are the only positive radial solutions of
in R , and satisfy
Proof. Suppose that { } is a (PS) sequence in 1, 0 (Ω). By ( 2 ), we have
where = min{ , * ( )}. Hence we conclude that { } is a bounded sequence in 
By the continuity of embedding, we have ‖ ‖ * * ≤ 1 < ∞. From [5] , going if necessary to a subsequence, one can get that
as → ∞. By ( 1 ), we know that for any > 0 there exists ( ) > 0 such that
Set := /2 ( ) > 0. When ⊂ Ω, meas( ) < , we get
It follows from Vitali's theorem that
Similarly, we can also get
Since ( ) → 0, we have
Let V := − , which together with Lemma 6 implies
From (20), we can obtain 
Therefore, one gets that
. (29) From (26) and (27), we have
then ‖V ‖ → 0 as → ∞. Otherwise, there exists a subsequence (still denoted by V ) such that
By (3), we have
. It follows from (29) and
However, we have ( ) ≥ 0 by (27) and ( 2 ). We get a contradiction. Therefore, we can obtain
From the discussion above, satisfies (PS) condition.
In the following, we shall give some estimates for the extremal functions. Let
Define a function
so that ∫ Ω (|V | * ( ) /| | ) = 1. Then, by using the argument as used in [5] , we can get the following results:
Moreover, by using the Sobolev embedding theorem and (36), one can deduce
Lemma 10. Suppose that 0 ≤ < . If ( 1 ), ( 2 ) and (7) hold, then there exists 0 ∈ 1,
Proof. We consider the functions
Since lim → ∞ ( ) = −∞, (0) = 0, and ( ) > 0 for small enough, sup ≥0 ( ) is attained for some > 0. Therefore, we have
and hence
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By ( 1 ), we can easily get
Hence, we can get
By (36)- (38), when is small enough, we conclude that
On the one hand, from Lemma 7 and (36), it follows that
On the other hand, the function ( ) attains its maximum at 0 and is increasing in the interval [0, 0 ]. Note that ( 2 ) implies ( , ) ≥ 8 | | , which together with (36), (46), and (47) implies that
Furthermore, from (7) and (37), we get
By (7), we have > * − /( − 1), which implies
Therefore, by choosing small enough, we have
Hence, the proof of the lemma is completed by taking 0 = V .
Proofs of Main Results
Proof of Theorem 1. Let := 
uniformly for all ∈ Ω. Therefore, we deduce that 
It follows from the nonnegativity of ( , ) that 
